A Unified Theory of Consequences of Spontaneous Emission in a $\Lambda$
  System by Economou, Sophia E. et al.
ar
X
iv
:c
on
d-
m
at
/0
50
14
74
v1
  [
co
nd
-m
at.
me
s-h
all
]  
19
 Ja
n 2
00
5
A Unified Theory of Consequences of Spontaneous Emission in a Λ System
Sophia E. Economou,1 Ren-Bao Liu,1 L.J. Sham,1 and D.G. Steel2
1Department of Physics, University of California San Diego, La Jolla, California 92093-0319
2The H. M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, MI 48109
(Dated: June 16, 2018)
In a Λ system with two nearly degenerate ground states and one excited state in an atom or
quantum dot, spontaneous radiative decay can lead to a range of phenomena, including electron-
photon entanglement, spontaneously generated coherence, and two-pathway decay. We show that
a treatment of the radiative decay as a quantum evolution of a single physical system composed
of a three-level electron subsystem and photons leads to a range of consequences depending on
the electron-photon interaction and the measurement. Different treatments of the emitted photon
channel the electron-photon system into a variety of final states. The theory is not restricted to the
three-level system.
PACS numbers: 78.67.Hc, 42.50.Md, 78.67.Hc, 42.50.Ct
I. INTRODUCTION
The electromagnetic vacuum is commonly considered
as a reservoir which causes decoherence and decay of a
quantum mechanical system coupled to it. An alterna-
tive view holds that the two subparts (‘quantum system’
and ‘bath’) are constituents of a single closed quantum
mechanical whole, which is governed by unitary evolution
until a projection (measurement) is performed. Different
projections may give rise to a variety of phenomena which
on the surface appear unrelated. Spontaneous emission is
a quantum phenomenon which has been treated in both
ways. Its effects are of interest from the views of both
fundamental physics and applications.
The radiative decay of a three-level system is attrac-
tive for its simplicity and yet richness in physical phe-
nomena. A variety of effects follow from the spontaneous
decay. Those which involve semiclassical light and en-
semble of atoms include the electromagnetically induced
transparency [1] and lasing without inversion [2]. By def-
inition, a Λ system has two nearly degenerate ground
states which are dipole-coupled to one excited state for
optical transitions. We shall, for conciseness, refer to
the states as electronic states in an atom or quantum
dot. The decoherence and decay effects for a single Λ
system are relevant to quantum computating and infor-
mation processing, for example in many implementation
schemes [3, 4, 5, 6, 7], which can be more practical than
the direct excitation of the two-level system.
A Λ system initially in the excited state will eventu-
ally decay by the emission of a photon. This process
may result in the entanglement of the Λ system with the
emitted photon. Recently, entanglement between the hy-
perfine levels of a trapped ion and the polarization of a
photon spontaneously emitted from the ion was demon-
strated experimentally [8].
In quantum optics of the atom, coupling to the modes
of the electromagnetic vacuum can contribute to coher-
ence between atomic states, and such terms have been
implicit in the textbook treatment of spontaneous radia-
tive decay [9] or indeed explicit in research papers [10]. In
the early 90’s, it was pointed out that in a Λ system the
spontaneous decay of the highest state to the two lower
ones may result in a coherent superposition of the two
lower states [11]. The conditions for this Spontaneously
Generated Coherence (SGC) as presented in Ref. 11 are
that the dipole matrix elements of the two transitions are
non-orthogonal and that the difference between the two
frequencies is small compared to the radiative line-width
of the excited state.
The final example is the so-called two-pathway decay
in which a Λ-system –as opposed to a V system– cannot
exhibit quantum beats because the information on which
decay path of the system is in principle available by de-
tection of the atom, and therefore no beats are expected
(p. 19 of Ref. 12).
All the phenomena listed above, when viewed sepa-
rately, appear unrelated, if not downright contradictory.
In fact, they stem from the same process, namely the
radiative spontaneous decay of a Λ-system. The pri-
mary purpose of this paper is to show how they natu-
rally emerge from the same time evolved composite state
of the whole system (Λ subsystem and the electromag-
netic modes). From this treatment follow the conditions
for each effect in terms of the electron-photon coupling
and in terms of different ways of projecting the photon
state by measurement. We also show how a change of
symmetry of the system by the introduction of a per-
turbation may determine whether a SGC will occur or
not.
The second goal of this work is to analyze these effects
in the solid state, where the two lower levels of the Λ sys-
tem are the spin states of an electron confined in a semi-
conductor quantum dot. For this system, SGC has been
given a theoretical analysis and experimental demonstra-
tion [13], and we further propose here an experiment for
the demonstration of spin-photon polarization entangle-
ment. In our treatment, we distinguish between a single
system and an ensemble for the various phenomena; in
this context, we make a comparative study of the solid
state and the atomic system.
This paper is organized as follows: In section II we
2present the time evolution of the decay process which
leads to the conditions for the occurrence of each of the
listed phenomena. In section III we deduce a set of condi-
tions on the symmetry of the system for SGC. Sections IV
and V illustrate these conditions by specific examples
from atomic and solid state systems, respectively. We
also present the theory of the pump-probe experiment
and derive the probe signal, which is altered by the SGC
term (section VI).
II. SPONTANEOUS EMISSION AS QUANTUM
EVOLUTION
Consider a single Λ system in a photon bath with
modes |k〉, where k = (k, σ), k being the wave vector and
σ the state with the polarization vector εσ. In the dipole
and rotating-wave approximation, the Hamiltonian for
the whole system is given by
H =
∑
k
ωkb
†
kbk +
3∑
i=1
ǫi|i〉〈i|+
∑
k;i=1,2
gikb
†
k|i〉〈3|
+
∑
k;i=1,2
g∗ikbk|3〉〈i|, (1)
where bk destroys a photon of energy or frequency ωk
(h¯ = 1) and |i〉 is the electronic state with energy or
frequency ǫi. The coupling between the photon and the
electron is gik ∝ εσ · di, where di is the dipole matrix
element for the transition 3↔ i. The Λ system is taken
to be at t = 0 in the excited level |3〉 (which can be
prepared by a short pulse), and the photon bath is in the
vacuum state, i.e., the whole system is in a product state.
For t > 0, the composite wavepacket can be written as
|ψ(t)〉 ≡ c3(t)|3〉|vac〉+
∑
k
c1k(t)|1〉|k〉+
∑
k
c2k(t)|2〉|k〉,
(2)
where |vac〉 is the photon vacuum state. Evolution of this
state is governed by the Schro¨dinger equation.
By the Weisskopf-Wigner theory [14] of spontaneous
emission [12], the coefficient c3 is obtained by one itera-
tion of the other coefficients:
∂tc3 = −iǫ3c3 −
∑
k
|g1k|2
∫ t
0
e−i(ǫ1+ωk)(t−t
′)c3(t
′)dt′
−
∑
k
|g2k|2
∫ t
0
e−i(ǫ2+ωk)(t−t
′)c3(t
′)dt′. (3)
Since the electron–photon coupling is much weaker than
the transition energy in the Λ system, the integrals in
the equation above can be evaluated in the Markovian
approximation, resulting in:
∂tc3 ≈ −iǫ3c3 − Γ31
2
c3 − Γ32
2
c3, (4)
where
Γ3i = 2
∑
k
|g2k|2
∫ t
0
e−i(ǫi+ωk)(t−t
′)dt′. (5)
Thus, the solution is
c3 ≈ e−(iǫ3+Γ/2)t, (6)
where Γ ≡ Γ31 + Γ32 is the radiative linewidth of the
excited state. Furthermore, c1k and c2k are given by
c1k ≈ − g1k
ǫ3 − ǫ1 − ωk − iΓ2
[
e−i(ǫ1+ωk)t − e−iǫ3t−Γ2 t
]
,
c2k ≈ − g2k
ǫ3 − ǫ2 − ωk − iΓ2
[
e−i(ǫ2+ωk)t − e−iǫ3t−Γ2 t
]
.
In order to study the system in the 2 × 2 subspace of
the lower states, we take the limit t ≫ Γ−1. After
the spontaneous emission process, the final state is a
electron–photon wavepacket
∑
k;i=1,2 cik|i〉|k〉, with the
coefficients
c1k ≈ − g1k
ǫ3 − ǫ1 − ωk − iΓ2
e−i(ǫ1+ωk)t, (7)
c2k ≈ − g2k
ǫ3 − ǫ2 − ωk − iΓ2
e−i(ǫ2+ωk)t. (8)
The state of a photon is specified by its propagation di-
rection n, polarization σ (εσ ⊥ n), and frequency ω. So
we can formulate the total wavepacket as∑
n,σ
[
g1σe
−iǫ1t|1〉|n, σ, f1(t)〉+ g2σe−iǫ2t|2〉|n, σ, f2(t)〉
]
,
(9)
where we have taken the coupling constants to be
frequency-independent. In Eq. (9) fj(t) is the pulse
shape of the photon. From Eq. (7) and (8), we see
that the photon wavepacket has a finite bandwidth; this
point, which was first studied by Weisskopf and Wigner
in their classic treatment of spontaneous emission [14], is
reflected in the structure of fj(t). These functions have
a central frequency equal to ǫ3 − ǫj and a bandwidth
equal to Γ. As a consequence of the finite bandwidth,
for a given propagation direction and polarization, the
basis states {|n, σ, fj〉} are not orthogonal, the overlap
between them being
〈n, σ, fl|n, σ, fj〉 = iΓ
iΓ + ǫlj
, (10)
where ǫlj = ǫl − ǫj .
We should emphasize that the wavepacket formed in
Eq. (9) does not rely on the Markovian approximation. In
a full quantum kinetic description of the photon emission
process, the wavepacket of the whole system would still
have the same form, the central frequency and bandwidth
of the pulses would be close to those found using the
Markovian approximation, but the specific profile of fj(t)
would be different from those given by Eq. (7) and (8).
3The various phenomena (electron and photon polar-
ization entanglement, SGC, and two-pathway decay) can
all be derived from the wavepacket of Eq. (9).
If the spontaneously emitted photon is not detected at
all, we have to average over the ensemble of photons of all
possible propagation directions to obtain the electronic
state. This is the usual textbook treatment of spon-
taneous emission. However, if detection of an emitted
photon leads to a knowledge that its direction of prop-
agation is n0, then the (unnormalized) electron-photon
wavepacket should be projected along that direction:∑
σ
[
g1σe
−iǫ1t|1〉|n0, σ, f1(t)〉+ g2σe−iǫ2t|2〉|n0, σ, f2(t)〉
]
.
(11)
When the two transitions are very close in frequency,
i.e., η ≡ |ǫ1 − ǫ2|/Γ ≪ 1, the overlap of the two photon
wavepackets deviates from unity by O(η). After tracing
out the envelopes of the photon by use of any complete
basis (e.g. monochromatic states), the state of the elec-
tron and photon polarization is, with the propagation
direction n0 understood,
|Υ〉 =
√
N
∑
σ
[g1σ|1〉|σ〉+ g2σ|2〉|σ〉] +O(η), (12)
where N is a normalization constant, given by
N−1 =
∑
j=1,2
∑
σ=α,β
|gjσ |2. (13)
The order η error recorded here is meant to indicate the
magnitude of the mixed-state error which, if neglected,
results in a pure state. From this pure state, we can
find explicitly the necessary conditions for entanglement
or SGC. However, the approximation of neglecting η is
unnecessary for computing a measure of entanglement of
the resultant mixed state [15].
A. Entanglement
A measure of entanglement of the bipartite state |Υ〉
in Eq. (12) is given by the von Neumann entropy of the
reduced density matrix of the state [16] for either the
subsystem E of the two low-lying electronic states or the
subsystem P of the photon polarization states. Taking
the partial trace of the polarization states of the density
matrix |Υ〉〈Υ| of the pure state leads to the 2×2 reduced
density matrix for the electronic states,
ρE = N
∑
ij
|i〉
[∑
σ
giσg
∗
jσ
]
〈j|. (14)
Diagonalization of this partial density matrix leads to
two eigenvalues,
p± =
1
2
±
√
1
4
−D2, (15)
whereD2 is the determinant of the reduce density matrix
ρE , or
D = N |g1αg2β − g1βg2α|, (16)
for the two electronic state and two polarizations, α, β,
normal to the propagation direction n0. The entropy of
entanglement is given by the entropy,
S = −p+ log2 p+ − p− log2 p− (17)
As D ranges from 0 to 1/2, the entropy ranges from 0
to 1 giving a continuous measure of entanglement as the
state |Υ〉 goes from no entanglement to maximum entan-
glement. To find the axis n0 along which the entangle-
ment is maximum, we have to maximize D as a function
of the orientation. For a particular system, this axis can
be found in terms of the dipole matrix elements of the
two transitions. However, not all systems can have max-
imally entangled states. We will apply this to specific
examples in the following section.
B. SGC
From the reduced density matrix, we can also find the
conditions for SGC. Maximum SGC occurs when the re-
duced density matrix is a pure state. In terms of the
electron-photon coupling constants the condition is the
vanishing of the discriminant D in Eq. (16). This means
that when the SGC effect is maximized, there exists a
particular transformation which takes the basis of the
electronic states {|1〉, |2〉} to a basis {|B〉, |D〉} which has
the property that |B〉 is always the final state of the Λ-
system immediately after the spontaneous emission pro-
cess, and |D〉 is a state disconnected from the excited
state by dipolar coupling, i.e. a dark state. This point
will be further explored in section III. The extreme val-
ues of D = 0 and 1/2 make it clear that maximum SGC
means no entanglement and conversely that maximal en-
tanglement leads to no SGC. However, partial entangle-
ment can coexist with the potentiality of some SGC for
values of D between the two extremes.
Our theory can be easily extended to systems with
more than two ground states. For example, in a system
whose ground states are the four states from two electron
spins, the SGC may lead to the coherence and entangle-
ment between the two spins, which is the mechanism of
a series of proposals of using vacuum fluctuation to es-
tablish entanglement between qubits [17, 18].
C. Two-pathway decay
So far we have investigated the consequences when the
two transitions are close in frequency (η ≪ 1). When
this is not the case, the tracing-out of the wavepacket
will generally produce a mixed state in electron spins
and photon polarizations. In the limit of large η, i.e.,
4|ǫ2 − ǫ1| ≫ Γ, the overlap between the two photon wave
functions, 〈f1(t)|f2(t)〉 ≃ 0, and the reduced density ma-
trix for the spin and photon polarization would be mixed.
In this case there is neither spin-polarization entangle-
ment nor SGC, but instead the time development can be
described as a two-pathway decay process: the excited
state can relax to two different states by the emission of
photons with distinct frequencies. For η between these
two limits, the state in Eq. (11) may lead to an entangle-
ment between the pulse shapes of the photon and the two
lower electronic levels on measuring the photon polariza-
tion. Furthermore, from the entangled state in Eq. (11),
SGC or polarization entanglement may still be recovered
(provided of course that the necessary conditions on the
g’s are satisfied) if the quantum information carried by
the frequency of the photon is erased [19]. This can be
done by chopping part of the photon pulse, and thus
subjecting its frequency to (more) uncertainty. In a time-
selective measurement, only photons emitted at a specific
time period, say from to to to + dt, are selected. So the
projection operator associated with this measurement is
Po = |δ(t − to)〉〈δ(t − to)|, which represents a δ photon
pulse passing the detector at t = to. The projected state
after this measurement∑
σ
[g1σf1(to)|1〉+ g2σf2(to)|2〉] |n0σ〉 (18)
is a pure state of the electron and photon-polarization,
so that entanglement or SGC is restored. By writing the
projector in the frequency domain
P˜o =
∫
dω
∫
dω′ ei(ω−ω
′)to |ω′〉〈ω|, (19)
we see that it can be understood as a broadband detec-
tor with definite phase for each frequency channel; thus it
can erase the frequency (which-path) information while
retaining the phase correlation. We note that a usual
broadband detector without phase correlation is not suf-
ficient to restore the pureness of the state. It is also in-
teresting that SGC and entanglement can be controlled
by choosing a different detection time to, as seen from
Eq. (18).
III. SYMMETRY CONSIDERATIONS FOR SGC
In this section we investigate the symmetry relations
between the different parts of the Hamiltonian necessary
for SGC terms to appear. Our treatment is not restricted
to Λ systems, but can be extended to a system with more
than two lower levels.
Consider a quantum mechanical system with one
higher energy level |e〉 and a set of lower-lying states, de-
scribed by a Hamiltonian Ho. Taking into account only
dipole-type interactions, denote by Jz the polarization
operator used in the selection rules. The z axis is defined
by the excited state via
Jz |e〉 =Me|e〉
Note that Jz can be either Jz, where J = L + S is the
total angular momentum operator and S is the spin, or
Lz, as determined by the condition
[Jz , Ho] = 0.
That is to say there is an axial symmetry in the sys-
tem associated with Jz. Among the lower lying states,
the ones of interest are the ones appearing in the final
entangled state |Υ〉 of the whole system. We will refer
to these states as ‘bright’, because they are orthogonal
to the familiar dark states from quantum optics. There
are at most three such states, {Bj}, within a given de-
generate manifold, corresponding to the three different
possible projections of the dipole matrix elements along
the z axis, so j = 1, 0, 1¯. In general, not all systems will
have all three bright states. This concept that the fi-
nal state involves only a small number of states (three in
our case), gives a physical understanding of the electron-
photon entangled state [20].
In order to have SGC, i.e., one or more terms of the
type ρ˙jk = Γρee, with j 6= k and j, k 6= e, there has to be
a perturbation HB that breaks the symmetry associated
with Jz ; in particular, the following conditions have to
be satisfied:
(i) [HB,Jz ] 6= 0;
(ii) HB|e〉 ∝ |e〉;
(iii) |ǫ12| <∼ Γ.
In general, we expect SGC between two eigenstates of the
Hamiltonian H = Ho +HB which have nonzero overlap
with the same bright state. The role of the first condi-
tion is to make SGC non-trivial; without this condition, it
would always be possible to rotate to a different basis and
formally acquire an SGC-like term in the equations (e.g.
by rotating to the x basis in the zero magnetic field case
in the heavy-hole trion system discussed below). The sec-
ond condition ensures that the excited state will not mix
under the action of HB; relaxing this condition gives rise
to the Hanle effect [9, 12], in which an ensemble of atoms
in a magnetic field is illuminated with an x-polarized
pulse and the reradiated light may be polarized along
y. This effect is another example where coherence plays
an important role; it has recently been observed in doped
GaAs quantum wells, in the heavy-hole trion system with
confinement in one dimension [21]. We shall discuss the
quantum dot case below. As shown in Sec. II, when the
radiative line-width of the excited state is smaller than
the energy differences of the lower states the SGC effect
will be averaged out. The third condition provides the
valid regime for the occurrence of this phenomenon.
The perturbation HB can be realized by a static elec-
tric or magnetic field, by the spin-orbit coupling, by hy-
perfine coupling, etc. Note the different origins of HB in
different systems and that it may or may not be possi-
ble to control HB. Examples of various systems follow,
exhibiting the above conditions and demonstrating the
different origins of HB.
5IV. EXAMPLES FROM ATOMIC PHYSICS
A. SGC in atoms
Consider an atom with Hamiltonian Ho; excluding
relativistic corrections, it can be diagonalized in the
|N,L, S,ML,MS〉 basis. Consider as the system of in-
terest the subspace of Ho formed by |N, 1, 1, 1, 1〉 = |e〉
and the lower-energy states |N − 1, L, S,ML,MS〉. The
various quantum numbers are of course restricted by se-
lection rules, and Jz = Lz . Here we will list only the
three bright states:
|B1〉 = |N − 1, 2, 1, 2, 1〉
|B0〉 = |N − 1, 2, 1, 1, 1〉
|B1¯〉 = a|N − 1, 2, 1, 0, 1〉+ b|N − 1, 0, 1, 0, 1〉
where the coefficients a and b can be determined in the
following way: in the original |NJMJLS〉 basis, the
matrix elements for the transitions |N − 1, 2, 1, 0, 1〉 ↔
|N, 1, 1, 1, 1〉 and |N − 1, 0, 1, 0, 1〉 ↔ |N, 1, 1, 1, 1〉 are
given by the Wigner-Eckart theorem. By rotating to
the {|B〉, |D〉} basis, and requiring the transition |D〉 ↔
|N, 1, 1, 1, 1〉 to be forbidden, we find a and b. Inclusion
of the spin-orbit interaction, which plays the role of HB,
i.e. HB = αL · S, condition (i) is satisfied, the eigen-
states of HB being |NJMJLS〉. Condition (ii) is also
satisfied, because |e〉, as the state of maximum ML and
MS , does not mix under the spin-orbit coupling. In the
new basis, SGC is expected to occur between states with
the same value ofMJ , which can also be verified by direct
calculation. In this example the line-width of |e〉 is much
smaller than the spin-orbit coupling strength α. Typical
values in atoms are Γe ∼ 1µ eV and α ∼ 1 meV, which
means that SGC will not be observed in such a system.
B. Entanglement and SGC of atomic hyperfine
states
In this example, the Λ system is formed by the hyper-
fine states of a single trapped Cd ion in the presence of a
magnetic field along the z axis. In the |FMF 〉 basis, the
excited state is |21〉 and the two lower levels are |11〉 and
|10〉. The two lower levels have the same principle quan-
tum number N . The entanglement between the polariza-
tion of the photon and the atom has been demonstrated
experimentally [8]. To illustrate the methods developed
in Section II, we will make use of the fact that the two
lower levels are states of definite angular momentum and
its projection to the z axis. Then, by the Wigner-Eckart
theorem we know that the dipole moment of the tran-
sition |21〉 → |10〉 has a nonzero component only along
e+ = x+ iy whereas that of |21〉 → |11〉 has only a com-
ponent along z. The wavepacket of the system is then
given by
|Υ〉 = −
√
2 sinϑ|ϑ〉|11〉+ e−iϕ cosϑ|ϑ〉|10〉 − ie−iϕ|ϕ〉|10〉√
2 + sin2 ϑ
(20)
where ϑ and ϕ are the spherical coordinates measured
from z and x axis, respectively, and |ϑ〉 and |ϕ〉 are the
polarization basis states, which are linearly polarized par-
allel and normal to the plane formed by the z axis and the
propagation direction, respectively. Then from Eq. (20),
we read off the g’s:
g1ϑ ∝ −
√
2 sinϑ (21)
g1ϕ = 0 (22)
g2ϑ ∝ e−iϕ cosϑ (23)
g2ϕ ∝ ie−iϕ, (24)
where |11〉 ≡ |1〉 and |10〉 ≡ |2〉. The measure of entan-
glement by D is
D =
√
2 sinϑ√
2 + sin2 ϑ
. (25)
The maximum possible entanglement occurs at ϑ = π/2,
i.e., whenever the photon propagates perpendicularly to
z. The maximum value of 0.47 is close to being maxi-
mally entangled. D does not depend on ϕ, as expected
since there is azimuthal symmetry about z.
In terms of SGC and symmetry, it is interesting to
notice that the role of the (external or internal) field,
HB, introduced in section III can be played by the dif-
ferent projections (measurements) because the state be-
fore the measurement is an eigenstate of the operator
Jz (total angular momentum along z) but not after the
measurement in general. The magnetic field along the
z-axis is included in the Hamiltonian Ho. If the sponta-
neously emitted photons are measured along the quan-
tization axis, only the ones emitted from the transition
|21〉 → |10〉 will be detected, since only their polarization
allows propagation along z. On the other hand, a pho-
ton detector placed at a finite angle from z can play the
role of HB. Suppose a photon is spontaneously emitted
along an axis n = (ϑ, ϕ). The density matrix of the state
given by Eq. (20) is |Υ〉〈Υ|. If we are only interested in
the dynamics of the ion, and the polarization of the pho-
ton is not measured, then the photon polarization has to
be traced out. Then the reduced density matrix of the
system, in the atomic states is
ρE =
1
2 + sin2 ϑ
[
cos2 ϑ+ 1
√
2e−iϕ cosϑ sinϑ√
2e+iϕ cosϑ sinϑ 2 sin2 ϑ
]
.
(26)
The off-diagonal elements express coherence between the
hyperfine states with dependence on the photon propa-
gation direction. We can check that for ϑ = 0 the prob-
ability of the atom being in the |11〉 state is zero and
there are no off-diagonal elements, and for ϑ = π/2 the
off-diagonal elements are also zero, which means there
6is no SGC, but the state has the maximum possible en-
tanglement. For all the intermediate values of ϑ the hy-
perfine states and the photon polarization are entangled,
and there is also some SGC when the photon is traced
out. Maximum SGC occurs when D is minimized; from
Eq. (25) we see that it is zero for ϑ = 0. This is expected
anytime the one of the two transitions involves a linearly
polarized photon, since the latter cannot propagate along
the quantization axis. So, for this orientation the final
state can only be |10〉. For intermediate angles, for in-
stance ϑ = π/4, there is both entanglement and SGC
involving both lower states, when the photon is traced
out. Since SGC only occurs for particular photon propa-
gation directions we could view it as ‘probabilistic’ SGC.
V. EXAMPLES FROM SOLID STATE PHYSICS
A. Heavy-hole trion system in a magnetic field
In the optical control of the electron spin in a doped
quantum dot [4], a static magnetic field is imposed in a
fixed direction at an angle ψ with respect to the propa-
gation of the circularly polarized pulse along the growth
direction of the dot, defined as the z axis. The two eigen-
states of the electron spin along the field direction and
the intermediate trion (bound state of an exciton with
the excess electron) state in the Raman process form a
three-level Λ system. The trion state of interest consists
of a p-like heavy hole and a pair of electrons in the sin-
glet state. The g-factor in the xy plane of the heavy
hole is approximately zero in magnetic fields up to 5 T
[22] and the two electrons are in a rotationally invariant
state. This means that the trion state, although it is spin
polarized along z, will not precess about a perpendicu-
lar B-field. Therefore it can be described by the ‘good’
quantum numbers J = 3/2 and its projection along z,
MJ = 3/2. The lower levels |1〉, |2〉 are the eigenstates
of the spin along the direction of the B-field and have
j = 1/2 and mj = 1/2,−1/2 respectively.
To check if this system will have SGC, we will examine
whether the conditions of Section III are satisfied. We
take Ho to be the Hamiltonian of the Q.D., with
|e〉 = |τ〉, the trion state described above, excited by
σ+ light; Jz = Jz , since the spin-orbit interaction
is included in Ho, and any component of the B field
along z can also be included. HB is the contribution
to the Hamiltonian due to the magnetic field along x.
Condition (i) is fulfilled since gx ≃ 0, and condition
(ii) is obviously satisfied. The only bright state is the
electron spin sz eigenstate, |z〉 ≡ | ↑〉. For later use, we
also define |z¯〉 ≡ | ↓〉. Therefore we expect SGC between
states |1〉 and |2〉 for any angle ψ, and since the linewidth
of the trion is large enough compared to the Zeeman
splitting, SGC should moreover have a detectable effect.
As a matter of fact, it has already been demonstrated
experimentally for this system, and, to the best of our
knowledge, it is the only direct observation of SGC [13].
For this nonlinear pump-probe experiment, the inclusion
of SGC into the equations causes the amplitude and
the phase of the probe signal to depend on the Zeeman
splitting. More details on how this dependence occurs
will be presented in the following section.
Although our discussion has focused on single Λ sys-
tems, the experiment was carried out for an ensemble.
In general, for an ensemble of equivalent non-interacting
atoms, an average over the different z axes would have to
be performed. However, in this quantum-dot solid state
system, there is a common z axis for all the dots, since
they are grown on the same plane (xy), and they have
a relatively large in-plane cross-section as compared to
their height. This is a clear advantage of the quantum
dot ensemble over an ensemble of atoms.
We can also analyze this system using the methods in
Section II. To find the g’s, we need the dipole matrix
elements. These can be found by writing
|1〉 = cos ψ
2
| ↑〉+ sin ψ
2
| ↓〉 (27)
|2〉 = sin ψ
2
| ↑〉 − cos ψ
2
| ↓〉 (28)
Again, we will make use of the fact that | ↑〉 and |τ〉 are
angular momentum eigenstates along the z axis, with
the familiar selection rules. Only state | ↑〉 has nonzero
dipole matrix element with |τ〉, d+e+, so that the transi-
tions |1〉 → |τ〉 and |2〉 → |τ〉 have dipole matrix elements
equal to d+ cos
ψ
2 e+ and d+ sin
ψ
2 e+ respectively. Then,
for a photon emitted along n0 = (ϑ, ϕ), we find the cou-
plings:
g1ϑ = d+e
iϕ cosϑ cos
ψ
2
(29)
g1ϕ = d+ie
iϕ cos
ψ
2
(30)
g2ϑ = d+e
iϕ cosϑ sin
ψ
2
(31)
g2ϕ = d+ie
iϕ sin
ψ
2
, (32)
so that the determinant is always zero, independently of
n0. This means that the system in this configuration will
never be entangled with the polarization of the photon,
which, as we have seen, implies maximum SGC. The final
state of the Λ system is always | ↑〉, unentangled. Sec-
tion VI gives an intuitive picture of this concept by the
vector representation of (the mean value of) the spin.
B. Light hole trion in Voigt configuration
The spin-photon entanglement can be also realized in
a quantum dot system by employing the light-hole trion
state. The heavy and light hole excitons are split by the
breaking of the tetrahedral symmetry of the bulk III-V
compound. It might also be possible to make the light
7hole states lower in energy than the heavy holes. The
magnetic field is pointing along the x direction, so that
the lower levels are the two Sx eigenstates, |+〉 and |−〉.
The optical pulses used are such that the light hole trion
polarized along the +x direction is excited. The excited
state is a trion of a singlet pair of electrons and a light
hole which is in themj = ±1/2 component of the j = 3/2
state. The trion can thus be characterized by the state
|JMJ〉 = | 32 ,± 12 〉. We choose the MJ = 12 state as the
excited state of the Λ system and denote it by |τl〉.
The transitions |τl〉 → |+〉 and |τl〉 → |−〉 involve a
photon linearly polarized along x (|X〉 ≡ |πx〉) and one
with elliptical polarization (−i|Y 〉 + 2|Z〉 ≡ |Eyz〉), re-
spectively [23]. In particular, after |τl〉 has decayed, the
state of the system is from Eq. (12),
|Υ〉 = − 1√
6
[|X〉|−〉+ (2|Z〉 − i|Y 〉)|+〉], (33)
We assume a measurement which determines the prop-
agation direction of the photon n0 = (ϑ, ϕ). Then the
state becomes:
|Υ〉 = −1√
2 + 3 sin2 ϑ
[
cosϑ cosϕ|ϑ〉|−〉
−(2 sinϑ+ i sinϕ cosϑ)|ϑ〉|+〉
− sinϕ|ϕ〉|−〉 − i cosϕ|ϕ〉|+〉]. (34)
Following the same procedure as in the trapped ion ex-
ample, we find that the condition for maximum entan-
glement is ϑ = 0; the value of D is then 0.5, maximal
entnaglement. SGC will only occur when D in Eq. (16)
is less than 0.5 and it will be maximum for propagation
along x, which means that the electron will be in the
state |+〉. For all other values of ϑ there will be both
entanglement and SGC between the two energy eigen-
states when the photon is traced out. The phenomena
following the spontaneous radiative decay of this system
are indeed very similar to the trapped ion case. In the
solid state system there is no need to isolate a single dot
in order to observe SGC since all dots are oriented in the
same direction.
For quantum information processing, entanglement be-
tween photon-polarization and spin has to be established
in a quantum dot. So isolating and addressing a single
dot is required. Experimentally, this requirement is ar-
guably feasible [24]. The system should be initialized at
state |+〉 (or |−〉) and subsequently excited by y-(or x-)
polarized light, so that only state |τl〉 gets excited. Other
trion states, involving electrons in the triplet state and/or
heavy holes, have an energy separation from |τl〉 large
enough compared to the pulse bandwidth and so they
can be safely ignored. Above we found that the state will
be maximally entangled when the spontaneously emitted
photon propagates along z. When the optical axis is
along z, the spontaneously emitted photon may be dis-
tinguished from the laser photons by optical gating. As
an alternative to the optical gating, to minimize scat-
tered light the detector may be placed along y, i.e., at
+
lτ
−
py Eyz px
FIG. 1: The energy levels of the Λ system consisting of the
two electron spin states (lower levels) and the light hole trion
polarized along the +x direction. The solid line represents
the laser pulse, which propagates along z and is linearly po-
larized in the y direction. The wavy lines denote the sponta-
neously emitted photons from the transitions |τl〉 → |+〉 and
|τl〉 → |−〉, which are elliptically polarized in the yz plane
and linearly polarized along x, respectively.
(ϑ, ϕ) = (π/2, π/2). The value of D is then 0.2, so that
the entanglement will be significantly less than that along
the optical axis, but should be measurable. The obser-
vation of the emitted photon and the measurement of its
polarization can be made as in Ref. [8]. By use of the
pump-probe technique, the state of the spin will also be
measured to show the correlation with the polarization
of the photon.
To overcome the probabilistic nature of the entangle-
ment (as projection is needed) and to improve the quan-
tum efficiency degraded by the scattering problem, cav-
ities and waveguides may be employed to enhance and
select desired photon emission processes [7, 25].
VI. PUMP-PROBE EXPERIMENT FOR SGC
DETECTION IN A QUANTUM DOT
In this section we provide a theoretical analysis for the
pump-probe experiment which explicitly demonstrated
SGC [13]. The Λ system is the heavy-hole trion system
introduced above. We present a treatment based on the
idea that SGC may be viewed as a decay to one bright
state which is a superposition of the eigenstates. The vec-
tor character of the mean value of the spin, which also
helps develop intuition for the SGC effect, is employed
and in fact it anticipates some of the theoretical results
of the pump-probe measurements calculated by pertur-
bative solution of the density matrix in the remainder of
this section.
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FIG. 2: (a) and (b) are the energy diagrams and possi-
ble electron-trion transitions caused by σ+-polarized photons
with the electron spin quantized in z and x directions, respec-
tively. (c) plots the Raman coherence generated by the pump
pulse, and (d) schematically depicts interference between the
Raman coherence and the spin coherence generated by spon-
taneous emission, under a magnetic field applied along the x
direction.
A. Geometrical picture of SGC
As shown by Bloch [26] and Feynman et al [27], an
ensemble of two-level systems can be described by a ro-
tating vector. This picture provides an intuitive under-
standing of the spin coherence generated by the optical
excitation and spontaneous decay of the trion states. For
simplicity, we will assume the short-pulse limit in this
section.
Regardless of the presence or absence of the magnetic
field, there is freedom in the choice of the quantization
direction, and it is convenient in this case to choose the
spin eigenstates quantized in the growth (z) direction,
| ↑〉 and | ↓〉. The two trion states |τ〉 and |τ¯〉 have
J = 3/2 and z-component M = +3/2 and M = −3/2,
respectively. The selection rules are such that a photon
with helicity ±1 (σ± circular polarization) excites the
electron | ↑〉 or | ↓〉 to the trion states |τ〉 or |τ¯ 〉, re-
spectively. We will consider a σ+ polarized pump, which
excites spin-up electrons to the trion state |τ〉, leaving
the electron spin-polarized in the −z direction. Due to
the selection rules, the trion state can only relax back to
the spin up state by emitting a σ+ polarized photon, and
after recombination, the electron remains unpolarized.
Now let us consider a strong magnetic field, applied
at ψ = π/2 with respect to the optical axis, B = Bex.
In this so-called Voigt configuration, the Zeeman states
|±〉 ≡ (| ↑〉±| ↓〉)/√2 are quantized in the x-direction and
are energy eigenstates with energies ±ωL, respectively,
while the trion states can still be assumed quantized in
the z-direction [see Fig. 2 (b)]. Note that the low-lying
states |1〉, |2〉 in foregoing sections are now denoted by
the spin states, |+〉, |−〉. In the short-pulse limit, the
pulse spectrum is much broader than the spin splitting
or, equivalently, the pulse duration is much shorter than
the spin precession period, so the excitation process is
virtually unaffected by the magnetic field: the σ+ polar-
ized pump excites the | ↑〉 electron to the trion state |τ〉,
leaving the electrons spin-polarized in the −z direction,
as in the zero-field case [See Fig. 2 (c)]. The pulse gener-
ates coherence between the two eigenstates |+〉 and |−〉,
which is the conventional Raman coherence [28] gener-
ated by a pulse with a spectrum broad enough to cover
both the near-degenerate transitions. The spin precesses
in the magnetic field normal to the plane of precession
with frequency ωL/π. In other words, the state oscillates
between the spin up and down states. The Raman coher-
ence can be determined by the excitation-induced change
of the population in the spin state | ↑〉,
ρR↑↑(t) = −
ρττ
2
[
1 + cos (2ωLt) e
−γ2t
]
, (35)
where ρττ is the population of the trion state immedi-
ately after the excitation pulse, and γ2 is the damping
rate of the spin polarization (due to spin dephasing and
inhomogeneous broadening).
On the other hand, when the system is in the trion
state |τ〉, the trion will relax by emitting a σ+-polarized
photon, leaving an electron spin-polarized in the +z di-
rection, i.e., generating coherence between the two spin
eigenstates (SGC). The trion decay can be treated as a
stochastic quantum jump process with the jump rate 2Γ.
After the quantum jump, the evolution of the system can
be described by a spin vector rotating under the trans-
verse magnetic field. Thus, the spin polarization gener-
ated by the spontaneous emission during [t′, t′ + dt′] can
be determined by
dρSGC↑↑ (t, t
′) =
ρττe
−2Γt′2Γdt′
2
×[
1 + cos (2ωL(t− t′)) e−γ2(t−t
′)
]
.(36)
The precessing spin vector is deformed by the accumula-
tion of increments through the optical decay into a spiral
curve [see Fig. 2 (d)]. The accumulated spin polarization
due to the spontaneous emission is
ρSGC↑↑ (t) =
∫ t
0
dρSGC↑↑ (t, t
′) =
ρττ
2
ℜ
[
1−e−2Γt+ 2Γ
2Γ− γ2 − i2ωL
(
e−i2ωLt−γ2t−e−2Γt)] .
(37)
For an initially unpolarized system, the total spin polar-
ization in the z direction after the action of the pump
and the recombination process is given by
ρ
(2)
↑↑ =
[
ρR↑↑ + ρ
SGC
↑↑
]
= −ρττ
2
[
(1 + aΓ) e
−2Γt + a0 cos (2ωLt− φ) e−γ2t
]
, (38)
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aΓ ≡ 2Γ (2Γ− γ2)
(2Γ− γ2)2 + 4ω2L
, (39)
a0 ≡
√
γ22 + 4ω
2
L
(2Γ− γ2)2 + 4ω2L
, (40)
φ ≡ − arctan 2Γ− γ2
2ωL
− arctan γ2
2ωL
. (41)
As shown in Fig. 2 (d), SGC induces a phase shift of
the spin coherence as compared to the Raman coherence.
Note also the different amplitudes of the Bloch vectors in
the case with and without SGC. We can see that if the
recombination is much faster than the spin precession
under the magnetic field, i.e., Γ ≫ ωL, SGC actually
cancels the Raman coherence. This is not surprising since
such a limit simply corresponds to the zero-field case. In
the strong field limit where ωL ≫ Γ, the spin precession
will average SGC to zero, which corresponding to the
two-pathway decay discussed in Sec. II. From Eq. (36)
it can be seen that at any specific time the trion relaxes
to state | ↑〉, so, as shown in Sec. II, a time-selective
measurement can recover the SGC from the incoherent
two-pathway decay. Without such a projection, as the
spin coherence generated at different time has different
phaseshift, the time averaging [see Eq. (37)] leads to the
vanishing of the SGC.
In a pump-probe experiment, what is measured is
the differential transmission signal (DTS), i.e., the dif-
ference between the probe transmission with and with-
out the pump pulse. In the same-circular polarization
(SCP) pump-probe configuration, the probe measures
the change in the population difference created by the
pump, ρττ − ρ(2)↑↑ . Hence, the DTS is given by
∆T SCP ∝ (3 + aΓ) e−2Γtd + a0 cos (2ωLtd − φ) , (42)
where td is the delay time between the pump and probe
pulses. The DTS reveals the spin beatings and the SGC
effect manifests itself in the dependence of the beat am-
plitude and phase shift on the strength of the magnetic
field.
The pump-probe experiment can also be done in the
opposite circular polarization (OCP) configuration. The
probe measures the change of population of the spin
down state | ↓〉. The DTS in this case is proportional
to, −ρ(2)↓↓ = ρ(2)↑↑ + ρττ , i.e.,
∆TOCP ∝ (1− aΓ) e−2Γtd − a0 cos (2ωLtd − φ) . (43)
The spin beat has the opposite sign to the SCP case.
Similar analysis shows that if either the pump or the
probe pulse is linearly polarized there will be no spin beat
in the DTS.
B. Perturbative solution of the probe signal
The optical field of the pump and probe pulses can be
written as
E(t) = (e+E1+ + e−E1−)χ1(t)e
−iΩ1t
+ (e+E2+ + e−E2−)χ2(t− td)e−iΩ2(t−td),(44)
where the subscripts 1 and 2 denote the pump and probe
pulses, respectively, and e± are the unit vectors of the
σ±-polarizations. The dipole operator is
dˆ = d
(
e+|τ〉〈∓| ± e−|τ¯〉〈±|
)
+ h.c..
Thus, in the rotating wave approximation, the Hamil-
tonian in the basis {|−〉, |+〉, |τ〉, |τ¯ 〉} can be written in
matrix form as
H =


−ωL 0 −d∗E∗+(t) −d∗E∗−(t)
0 ωL −d∗E∗+(t) +d∗E∗−(t)
−dE+(t) −dE+(t) ǫg 0
−dE−(t) +dE−(t) 0 ǫg

 ,
(45)
where ǫg is the energy of the trion states, and γ1, γ2,
and 2Γ denoting the spin-flip rate, the spin depolarizing
rate, and the trion decay rate, respectively. The explicit
equations for each element of the density matrix are
ρ˙τ,+ = i[ρ,H ]τ,+ − Γρτ,+, (46)
ρ˙τ,− = i[ρ,H ]τ,− − Γρτ,−, (47)
ρ˙+,+ = i[ρ,H ]+,+ − γ1ρ+,+ + Γ (ρττ + ρτ¯ ,τ¯ ) , (48)
ρ˙−,− = i[ρ,H ]−,− + γ1ρ+,+ + Γ (ρττ + ρτ¯ τ¯ ) , (49)
ρ˙+,− = i[ρ,H ]+,− − γ2ρ+,− + Γc (ρττ − ρτ¯ ,τ¯ ) , (50)
ρ˙ττ = i[ρ,H ]ττ − 2Γρττ , (51)
ρ˙τ¯ ,t = i[ρ,H ]τ¯ ,t − 2Γρτ¯ ,t, (52)
ρ˙τ¯ τ¯ = i[ρ,H ]τ¯ τ¯ − 2Γρτ¯ τ¯ . (53)
The Markov-Born approximation for the system-photon
has been employed. The term representing the sponta-
neously generated spin coherence due to the trion recom-
bination is indicated by the suffix c; Γc should be equal
to Γ. However, we singled out the SGC term so that Γc
can be artificially set to zero for a theoretical comparison
between the results with and without the SGC effect.
In the pump-probe experiment, the DTS corresponds
to the third-order optical response. The absorption of
the probe pulse is proportional to the work W done by
the probe pulse, and the DTS is [29]
∆T ∝ −W (3) = −2ℜ
∫
P˙(3)(t) · E∗2(t− td)
≈ −2Ω2ℑ
∫
P˜(3)(ω +Ω2) · E˜∗2(ω +Ω2)
dω
2π
.(54)
The third-order optical polarization of the system can
be calculated directly by expanding the density matrix
according to the order of the optical perturbation
P(3) = e+d
[
ρ
(3)
τ,− + ρ
(3)
τ,+
]
+ e−d
[
ρ
(3)
τ¯ ,− − ρ(3)τ¯ ,+
]
, (55)
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Thus, given the σ+-polarized pump pulse, the third-
order polarization in the SCP and OCP cases can be
respectively calculated as [29]
P
(3)
SCP(t) = e+d
[
ρ
(3)
τ,−(t) + ρ
(3)
τ,+(t)
]
, (56)
P
(3)
OCP(t) = e−d
[
ρ
(3)
τ¯ ,−(t)− ρ(3)τ¯ ,+(t)
]
. (57)
C. Analytical results
The density matrix can be calculated straightforwardly
order by order with respect to the pulse. Taking the
initial state of the system to be the equilibrium state
ρ(0) = ρ
(0)
+ |+〉〈+|+ρ(0)− |−〉〈−|. The result for the second-
order spin coherence due to the pump pulse E1(t) is:
ρ˜
(2)
+−(ω) = +X1
ρ
(0)
−
ω − 2ωL + iγ2
∫ +∞
−∞
χ∗1(ω
′ − ω)χ1(ω′)
ω′ −∆1 − ωL + iΓ
dω′
2π
−X1
ρ
(0)
+
ω − 2ωL + iγ2
∫ +∞
−∞
χ1(ω
′ + ω)χ∗1(ω
′)
ω′ −∆1 + ωL − iΓ
dω′
2π
+X1
iΓcρ
(0)
±
(ω − 2ωL + iγ2)(ω + i2Γ)
∫ +∞
−∞
χ1(ω
′ + ω)χ∗1(ω
′)
ω′ −∆1 ± ωL − iΓ
dω′
2π
−X1
iΓcρ
(0)
±
(ω − 2ωL + iγ2)(ω + i2Γ)
∫ +∞
−∞
χ∗1(ω
′ − ω)χ1(ω′)
ω′ −∆1 ± ωL + iΓ
dω′
2π
, (58)
where ∆1 ≡ ǫg−Ω1 is the detuning, and X1 ≡ |dE1+|2−
|dE1−|2 is the circular degree of the pulse polarization.
In the equation above, the first two terms correspond to
the Raman coherence generated by the pump excitation
[28], and the last two terms represent the spontaneously
generated coherence. Obviously, for a linearly polarized
pump, X1 = 0, no spin coherence is generated either by
excitation or by recombination, so there will be no spin
beats in DTS.
In the short-pulse limit, the spin coherence after the
pump and recombination can be approximately expressed
as
ρ
(2)
+,−(t) ≈ X1 |χ1(∆1)|2
(
Γc
2Γ− γ2 − 2iωL −
1
2
)
×e−i(2ωL−iγ2)(t−t1). (59)
This formula can be directly compared to the result ob-
tained by the intuitive picture in Sec. VIA. The physical
meaning of the two terms in Eq. (59) is transparent: the
first term is SGC, whose amplitude and phase shift de-
pend on the ratio of the recombination rate to the Zee-
man splitting, and the second term is just the optically
pumped Raman coherence which in the short pulse limit
is independent of the Zeeman splitting.
Having obtained the second-order results, we can read-
ily derive the third-order density matrix and, in turn, the
DTS can be calculated by use of Eq. (54). In general,
the DTS can be expressed as
∆T ∝ A cos(2ωLtd−φ)e−γ2td+Be−2Γtd+Ce−γ1td , (60)
and the spin coherence amplitude A and phase shift
φ, the Pauli blocking amplitude B, and the spin non-
equilibrium population C can all be numerically calcu-
lated and, in the short-pulse limit, can also be analyti-
cally derived as
A ≈ |χ1 (∆1)|2 |χ2 (∆2)|2X1X2
×
√
γ22 + 4ω2L
(2Γc − γ2)2 + 4ω2L
, (61)
φ ≈ − arctan
(
2Γc − γ2
2ωL
)
− arctan
(
γ2
2ωL
)
, (62)
B ≈ |χ1 (∆1)|2 |χ2 (∆2)|2
[
I1I2 + 2I1+I2+
+2I1−I2− +X1X2
2Γc(2Γ− γ2)
(2Γ− γ2)2 + 4ω2L
]
, (63)
C ≈ 0, (64)
where ∆2 ≡ ǫg − Ω2 is the detuning, Ij± ≡
∣∣dEj±∣∣2,
Ij ≡ Ij+ + Ij−, and Xj ≡ Ij+ − Ij− (j = 1 or 2).
Thus, the short-pulse approximation yields expressions
identical to the ones obtained from the intuitive picture
in Section VIA. Several conclusions can be immediately
drawn from the short-pulse approximation: (1) the SCP
and OCP signals reveal beats with the same amplitude
and opposite signs; (2) no spin beat can be observed
when either of the pulses is linearly polarized (X1 = 0
or X2 = 0); (3) due to the SGC effect, the beat ampli-
tude increases with increasing Zeeman splitting until it
saturates at the value it would have in the absence of the
SGC effect; the phase shift increases from −π/2, saturat-
ing at 0. The SGC effect is negligible when the Zeeman
splitting is large compared to the trion decay rate Γ be-
cause the rapid oscillation averages the effect of SGC to
zero.
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FIG. 3: (a) The amplitude and (b) the phase shift of the spin
beat (shown in the insert) as functions of the Zeeman splitting
in units of the trion state width, Γ. The fulled-circle and solid
lines include the SGC effect, calculated with and without the
short-pulse approximation, respectively. The diamond and
dotted lines are the results without the SGC effect, calculated
with and without the short-pulse approximation, respectively.
D. Numerical results
In the numerical simulations, we take the pump
and the probe envelopes to be gaussian χ1(t) =
exp
(−η21t2/2) and χ2(t−td) = exp (−η22(t− td)2/2), and
we assume that they have no temporal overlap, i.e. the
delay time td is much larger than the pulse duration η
−1
j
(j = 1, 2), and the pulse bandwidth ηj is greater than
the relaxation rates γ1, γ2, and Γ. All these assumptions
are well satisfied in the experiment [13]. Taken from the
experiment [13], the relaxation rates used are γ1 = 0,
γ2 = 3 µeV, and Γ = Γc = 12 µeV, and η1 = η2 = 0.5
meV.
To minimized the effect of the background noise [13],
the measured data of DTS are presented as the difference
between the SCP and OCP. We follow the same practice
in presenting the theoretical results in Fig. 3. In com-
parison with the results without the SGC effect (dashed
line), the full theoretical results show the phase shift of
the spin beat in the DTS.
In Fig. 3, the amplitude and the phase shift are plot-
ted against the Zeeman splitting 2ωL, which is propor-
tional to the magnetic field. The SGC effect is evident
through the field dependence of the amplitude and phase
shift of the spin beat. When the SGC effect is artificially
switched off (by setting Γc = 0), the beat is independent
of the magnetic field strength as long as the pulse spec-
trum is much broader than the Zeeman splitting. In the
weak magnetic field limit, the spin coherence is strongly
suppressed due to the destructive interference between
the conventional Raman coherence and SGC; the phase
shift then is about −π/2. In the strong magnetic field
limit, as SGC is averaged to zero due to the rapid Larmor
precession, the beat features approach those calculated
without SGC. The theoretical predictions of the SGC ef-
fect on the pump-probe signals are in good agreement
with the experimental results [13].
VII. CONCLUSIONS
In this work, we have developed a theory to unite the
different effects emerging from the spontaneous emis-
sion of a photon from a Λ system. We have taken the
viewpoint that spontaneous emission is a unitary process
when a sufficiently large quantum system is defined so as
to be considered closed. Then the final state of the whole
system, which is a pure state, can be projected in differ-
ent ways. These projections can be thought of as mea-
surements on one of the constituent parts and give rise to
different phenomena: entanglement, spontaneously gen-
erated coherence and two-pathway decay. We have also
presented a set of conditions on the symmetry of a sys-
tem which determine if there is SGC. Examples of spe-
cific atomic and solid-state systems have been employed
to illustrate our theory. We have sketched the theory
underlying the experiment in which SGC was observed
[13] and we have proposed an experiment on the same
system to exhibit the entanglement between the electron
spin and the polarization of the spontaneously emitted
photon in a quantum dot in parallel to the atom case [5].
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